We present experimental and theoretical results obtained from the study of the effects of optical feedback in low-cost Fabry-Perot laser diodes due to the presence of an external cavity created by an external reflective or diffusive vibrating target. Experimental results show that a change in the length of the external cavity produces the well-known amplitude modulation of the optical output power and, depending on the amount of optical feedback, a subperiodicity appears in the amplitude modulation of the output power. The experiments show that the subperiodicity appears independently of the length of the external cavity and is due to mode hopping between different longitudinal laser modes. Numerical analysis focused on the effects observed support that the mode hop occurs between modes whose round-trip phase delay along the external cavity is out of phase, thus producing a subperiodicity of the total amplitude modulation.
Introduction
Measurements of vibrations are usually carried out by devices that are in contact with the target object such as accelerometers or strength gauges. These devices have great advantages in their simplicity and cheapness, but their use is limited due to two main reasons. The first is that the contact device loads the target object and it changes the displacements and frequency characteristics of the object under test. The second reason is that usually the devices under test are difficult to access or are located in a hostile environment; this is the case for measurements of vibrations in high power transformers [1] .
One alternative to contact vibration sensors is the use of interferometric sensors [2] . They can be classified as external configuration, such as Michelson or Mach-Zender, and self-mixing configurations [3] . The disadvantages of conventional external interferometric schemes are that they are bulky, quite expensive, and require accurate alignment methods. Self-mixing interference in a semiconductor laser occurs when the laser is not optically isolated from an external reflective or diffusive target, so optical feedback causes the external surface to become a part of the lasing system, and thus information on vibration or displacement can be extracted. Experiments in self-mixing techniques show that comparable resolution to external interferometric configurations can be reached with just a laser diode and its built-in monitor photodiode, without additional optical elements.
Self-mixing interference using single-mode laser diodes has been exploited for velocity [4] , distance [4, 5] , displacement [6] , and angle [7] measurements. This paper presents some of the experimental results obtained in the study of optical feedback effects in low-cost Fabry-Perot laser diodes operating with multiple laser modes. Results presented in this work are the amplitude modulation of the output power when the laser diode is introduced in an external cavity whose length is varied by a few multiples of the emission wavelength (λ). As expected, the output power presents a periodicity of λ=2 with the external cavity length (L ext ) and the shape depending on the amount of optical feedback. However, for determined injection current values and optical feedback levels, a subperiodicity in the shape of the amplitude modulation is observed. Under a wide range of conditions this subperiodicity is a double periodicity, which means that in a λ=2 period of the self-mixing interference signal, the amplitude modulation of the output power of the laser diode has two maxima instead of one. This is the effect to be focused on in this paper for increasing the resolution of vibration measurements.
The theory of optical feedback for single-mode semiconductor lasers has been widely studied [8] [9] [10] [11] , and the feedback effect on multimode laser diodes has also been studied [12] [13] [14] . These investigations conclude that the effect on the optical power modulation of a multimode laser diode is the result of the incoherent superposition of the laser oscillating modes. For example, if two longitudinal modes are present, the optical power modulation with the external cavity length is the incoherent superposition of the two modes, and thus, in a moderate feedback regime, when a sawtooth-like waveform is obtained for each mode, a double periodicity inside the λ=2 period can be observed in the total amplitude modulation. This double periodicity should only be observed if the round-trip phase delay of the two modes is well out of phase [13] . The round-trip phase delay depends on (1) the frequency of each individual longitudinal laser mode and (2) the length of the external cavity.
Under the previous assumptions, if it is desired that the multimode effect be exploited for increasing the resolution of vibration measurements, the laser conditions for stable emission spectrum (injection current and temperature) as well as external cavity length should be carefully controlled [13, 14] . In Section 2 of this paper we describe a basic self-mixing experimental setup that allowed us to observe a subperiodicity in the amplitude modulation of different laser diodes just by adjusting the amount of feedback, without laser and external cavity control parameters. In Section 3, where we describe additional experiments to characterize at the same time the optical spectrum and the modulation amplitude of a single laser diode subject to optical feedback, it is shown that a mode hop occurs between longitudinal laser modes. In Section 4 numerical simulations identify those modes among which mode hop occurs. Conclusions are presented in Section 5.
Basic Self-Mixing Experiment for Vibration Measurements

A. Background Theory
The theory of the effects of optical feedback due to an external cavity has been widely discussed in the literature when considering single-mode laser diode emission. Self-mixing exhibits some characteristics that make it dramatically different from two-beam interferometry. A self-mixing interference signal produced by optical feedback is found to be due to variations in the threshold gain and in the spectral distribution of the laser output [11] . An example of a basic arrangement for studying the self-mixing effect is represented in Fig. 1 . The arrangement consists of a laser diode biased with a constant injection current I b with a built-in monitor photodiode to measure the optical power emitted by the laser. As represented in Fig. 1 , the laser cavity and the external cavity form a three-facet Fabry-Perot optical system. If multiple reflections are neglected, in this configuration the derivation of the threshold gain (g c ) and phase condition (Δϕ L ) for the single-mode laser emission results in [11] 
where ν is the optical frequency; g th and ν th are respectively the threshold gain and the frequency of the laser lasing mode without optical feedback; k ext is the coupling coeffient of the external cavity that depends on the facet reflectivities r 2 and r 2ext [Eq. (4)]; τ ext is the round-trip time delay thought the external cavity length ðτ ext ¼ 2L ext =cÞ; τ L is the round-trip delay through the laser cavity length ðτ L ¼ 2nL=cÞ, L being the length of the laser cavity and n its refraction index; the α-parameter has a value of the order of 3 to 7 (α ¼ 6 is assumed) [11] ; and C is the feedback coefficient defined as
The laser frequency with optical feedback ν is obtained from Eq. (2), making the round-trip phase delay Δϕ L equal to 0. If C < 1, there is only one solution to this equation, but for larger values (C > 1), several values of ν satisfy Eq. (2), so several external cavity modes may oscillate. A single external cavity mode can be achieved if C < 4:6 [11] . For a feedback coefficient C > 1 but within a regime of moderate feedback, depending on the phase of the reflected light, one or other external cavity mode starts lasing. The resulting mode with minimum spectral linewidth is more stable than the mode with the lowest threshold gain [8, 11] .
The power emitted by the laser diode as a function of the external phase delay ðϕ ext ¼ 2πντ ext Þ or as a function of the external cavity length (L ext ) can be derived from the laser diode rate equations [3, 10] and result in
where P 0 is the power emitted without optical feedback, m is the modulation index, and Fðϕ ext Þ is a periodic function, with period equal to 2π, of the external phase delay
The shape of Fðϕ ext Þ depends on the feedback parameter C, which is proportional to the reflectivity of the external facet r 2ext : if C ≪ 1, Fðϕ ext Þ is a sinusoidal function as ν can be considered to be constant. For C < 1, the function Fðϕ ext Þ gets distorted and takes a nonsymmetrical shape. For 1 < C < 4:6, Fðϕ ext Þ presents hysteresis and becomes sawtooth-like, the hysteretic behavior is a consequence of a mode hopping between external cavity modes that correspond to different solutions for ν in Eq. (2) [3] . Equation (5) shows that the period of power modulation of the laser diode with the external cavity length (L ext ) is equal to λ=2. The modulation index m depends on the injection current of the laser: the closer to threshold current the higher the modulation index [10] .
B. Experimental Observations
We implemented the basic self-mixing interferometer represented in Fig. 1 using different single-mode Fabry-Perot laser diodes. In our experiments the target was a mirror mounted on a loudspeaker and the laser beam was collimated. Additionally a variable density attenuator was placed inside the external cavity to control the amount of optical feedback, which is equivalent to controlling the reflectivity of the external cavity mirror (r 2ext ). The length of the external cavity was set to be of the order of 10-30 cm. According to Eq. (5) the optical power emitted by the laser diode varies with the length of the external cavity with a periodicity of λ=2, being almost sinusoidal for weak feedback and becoming sawtooth-like if optical feedback is increased. Our experimental observations agree with this reported behavior [3] , but if the laser is biased with a constant current a few milliamps above threshold, we observe an additional effect, which consists of a subperiodicity in the shape of the optical power modulation when the amount of optical feedback is increased. Figure 2 shows an example of the self-mixing interference signals that are observed. The results presented have been taken using a short-wavelength Fabry-Perot Mitsubishi ML1412 laser diode. Its characteristics are threshold current of 43 mA, slope efficiency of 0:75 mW=mA, and operating wavelength of 680 nm at 25°C. The laser was biased with a constant current I b ¼ 55 mA. The length of the external cavity L ext was set to 20 cm, and its length was modulated with peak-to-peak amplitude ΔL ext equal to 1 μm. The first waveform in Fig. 2 is proportional to the target movement. The three other waveforms correspond to the optical power of the laser diode measured by its built-in monitor photodiode; the different condition in the measurements is the amount of light that is reinjected back to the laser cavity. A measurement of the transmission of the variable density attenuator placed inside the external cavity gives an estimated value of the equivalent external facet reflectivity of r 2ext ¼ 0:02% for the upper interferometric waveform, r 2ext ¼ 0:05% for the next waveform, and r 2ext ¼ 0:11% for the lower waveform. The modulation depth m in the three cases is similar and of the order of 0.5%. Figure 2 shows that a subperiodicity appears in the shape of the amplitude modulation of the output power when the amount of optical feedback is increased.
The experimental setup represented in Fig. 1 has been used with different low-cost Fabry-Perot laser diodes. For each laser diode, many experimental results have been obtained for different external cavity lengths (L ext ) between 8 cm and 30 cm and different injection currents (I b ). Examples are represented in Fig. 2 with a Mitsubishi diode laser ML1412 and in Fig. 3 . Figure 3 represents self-mixing interferometric signals using a Sanyo DL-3038-033 laser diode (λ ¼ 635 nm) and a Sanyo DL-5032-001 laser diode (λ ¼ 830 nm), both for a feedback level such that a double periodicity appears.
In our experiments we see, as expected [3, 10] , that the optical power emitted by the laser is modulated with the external cavity length (ΔL ext ) with a periodicity of λ=2 within the regime of moderate feedback, λ being the peak emission wavelength of the laser diode. We can also observe that if the laser diode is biased a few milliamps above threshold, for a determined amount of optical feedback an internal double periodicity appears (a signal with two maxima) within the λ=2 period of the self-mixing interferometric signal. In this paper we study whether this effect can be exploited to increment the resolution of vibration measurements.
C. Discussion
The internal subperiodicity of the waveforms presented in Figs. 2 and 3 could be explained by multimode operation of the laser diode assuming incoherent superposition of the laser oscillating modes [12] [13] [14] . The variation of the round-trip phase delay ðΔϕ ext Þ as a function of the frequency of each individual longitudinal laser mode (ν) and on the length of the external cavity (L ext ) can be derived by applying the chain rule [Eq. (6)]. If two adjacent longitudinal modes are considered, as in Ref. [13] , the initial phase difference depends on the length of the external cavity [Eq. (7) with N ¼ 1]:
Assuming dual mode operation, according to Eq. (7), if the cavity length is an integral number of the optical path inside the laser cavity (nL), the round-trip phase delay of the two modes will be in phase, as is the optical power modulation of the two modes [Eq. (5)], so the subperiodicity disappears. Assuming diffraction coefficient n ¼ 3:5 and laser cavity length L ¼ 300 μm, the precision of setting the external cavity length should be less than 1 mm [13] . We observe experimentally by modifying the length of the cavity that the subperiodicity does not disappear, so the effect cannot be explained only by the incoherent superposition of laser oscillating modes.
Reference [14] analyzes a mode hop between longitudinal modes with the lowest threshold gain that also affects the shape of the modulation amplitude of the laser power. In this case the study is with Nd:YAG laser and a short external cavity is considered. Reference [12] presents a more detailed experimental study of the effects of optical feedback in the spectrum of a laser diode. It is shown that optical feedback modulates the emission spectrum of the laser diode as a consequence of the threshold gain modulation for each mode [Eq. (1)]. In this study adjacent modes are also considered, so maxima of mode modulation are found if the length of the external cavity is adjusted in determined positions spaced at 1 mm. However, we observe double periodicity independently of the external cavity length and without critical temperature and bias conditions for laser polarization.
Experimental Characterization of the Effects of Optical Feedback on a Fabry-Perot Laser Diode
In order to analyze the effects of optical feedback in a Fabry-Perot laser diode we will describe an 
the amount of optical feedback, (4) observe the optical power emitted by the laser diode, (5) observe the laser optical spectrum, and (6) observe the optical power of each laser cavity mode individually. The results presented have been obtained using a short-wavelength Fabry-Perot Mitsubishi ML1412 laser diode. Its characteristics are threshold current of 43 mA, slope efficiency of 0:75 mW=mA, and operating wavelength of 680 nm at 25°C.
A. Description of the Experimental Setup
The experimental setup presented in Fig. 4 is based on the previous experiment represented in Fig. 1 . Into the basic self-mixing configuration we have incorporated a 50% beam splitter, which allows us to take a sample of the laser beam. The sample beam is introduced into a grating spectrometer that spreads the laser cavity modes. We used a 0:03 nm resolution HORIBA Jobin-Yvon Triax 550 monochromator with a 1200 line=mm diffraction grating. A CCD camera at the output allows us to observe the optical spectrum of the laser diode. The integration time of the CCD camera is relatively high, so in order to analyze the amplitude of the laser emitting modes in real time we have placed another 50% beam splitter inside the spectrometer, obtaining a replica of the diffracted laser modes at the other output of the spectrometer. Using a narrow slit, each laser longitudinal mode is selected, and an optical detector provides a signal proportional to its amplitude. In the oscilloscope we can observe two signals: the signal provided by the built-in monitor photodiode, which provides the total power modulation of the laser (AC coupling), and the signal provided by the external photodiode, which provides the power modulation of the laser longitudinal mode selected by the position of the slit (DC coupling). The scope is synchronized with the signal applied to the loudspeaker.
For each measurement, the injection current is constant and the amount of optical feedback is controlled by a variable density attenuator. The operation of the system is always within a regime of moderate feedback [8] , a long way from coherence collapse, and with perfect alignment between the laser and the external reflector [9] .
B. Characterization of the Laser Diode
First we are interested in characterizing the emission spectrum of the ML1412 laser diode without an external cavity. For that purpose we use the experimental setup represented in Fig. 4 , where the beam that is directed to the mirror is blocked. Then we vary the injection current I b , obtaining the optical spectrum though the CCD camera. The results of the standalone laser spectra are presented in Fig. 5 : for an injection current above threshold (43 mA), there is a single longitudinal mode whose frequency depends on the injection current. A mode hop can be observed around 57 mA. The emission spectra of the other diode lasers tested in Section 2 behave in a similar way.
C. Dependence of the Total Amplitude Modulation with the Emission Spectrum Induced by Optical Feedback
In this experiment we use the setup presented in Fig. 4 . The amplitude modulation of the total optical power emitted by the laser diode is observed in the monitor photodiode when changing the amount of optical feedback. The amount of optical feedback is controlled by the variable density attenuator. At the same time the emission spectrum of the laser diode is captured by the CCD camera.
The results are presented in Figs. 6 and 7. In these measurements the same signal is applied to the loudspeaker, and the laser diode is biased with a current I b ¼ 50 mA. Figure 5 shows that, without optical feedback, only one internal cavity mode is oscillating. Figure 6 shows two laser modes in the optical spectrum, which is observed for a feedback level that introduces a double periodicity within the λ=2 period. Figure 7 shows three laser modes in the optical spectrum, which is observed for a feedback level that introduces a triple periodicity within the λ=2 period. We conclude that optical feedback modifies the emission spectrum of the laser diode and that there is a relationship between the number of modes and the shape of the power modulation.
D. Modulation of Emission Modes
Several repetitions of previous experiments, modifying the length of the external cavity L ext and the injection current I b , show that double periodicity is easily obtained by simply adjusting the amount of optical feedback, but without paying attention to perfectly set L ext and laser modes in order to select out-of-phase round-trip phase delay of the two modes [Eq. (6)]. Figure 8(a) represents the optical spectrum of the solitary laser for an injection current of 50 mA; as in Fig. 5 there is only one longitudinal mode, which will be called Mode A. Figure 8(b) is the optical spectrum, also for an injection current of 50 mA, for optical feedback that introduces double periodicity in the self-mixing waveform. In this case two modes appear. One of them (Mode A) is the solitary laser oscillating mode, and the other mode has a frequency very close to the stable mode after the mode hop for an injection current around 58 mA that is observed in Fig. 5 , and this mode will be called Mode B. The experiment consists of measuring the amplitude modulation of these two modes [Mode A and Mode B in Fig. 8(b) ] using the external photodiode and the slit to select one mode at a time (see the experimental setup in Fig. 4) .
The amplitude modulation of Mode A appears in Fig. 9 . Channel 1 is the modulation of Mode A (DC coupling), and Channel 2 is the total amplitude modulation of the optical power of the laser diode measured in the monitor photodiode (AC coupling); this signal is used as a reference. What is observed in Fig. 9 is that Mode A is present only in the tallest peaks of the total amplitude modulation. The amplitude modulation of Mode B appears in Fig. 10 (Channel 1) again with the total amplitude modulation of the optical power of the laser diode (Channel 2) as a reference signal. What is observed in Fig. 10 is that Mode B is present only in the shortest peaks of the total amplitude modulation. As Mode A is present with the tallest peaks and Mode B is present with the shorter peaks, the conclusion is that the modulation of the length of the external cavity produces mode hopping of these modes, which contributes to the subperiodicity in the total amplitude modulation. In Figs. 9 and 10 the modulation index m of the total power modulation (Channel 2) is 0.5%, while, as a mode hop occurs, the modulation index of each mode (Channel 1) is 100%.
Numerical Analysis
If Eqs. (1) and (5) are compared, it can be seen that, as expected, a decrement in the threshold gain g c of the laser mode produces an increment in the optical power emitted by the laser diode. In a multimode laser diode, Eqs. (1) and (2) can be applied individually to each one of the laser modes. As the total power emitted by a multimode laser diode is the combination of the power of the individual modes, a modulation of the threshold gain of each mode will affect to the total amplitude modulation of the laser diode. The shape of the total amplitude modulation depends on the number of laser modes and on the relative external phase delay Δϕ ext of each laser mode [12] [13] [14] .
The case considered in this paper is that of a Fabry-Perot laser diode operating as a single longitudinal mode without optical feedback that presents multiple longitudinal laser modes when included in an external cavity whose length is modulated. In effect, it can be seen in Fig. 5 and in Fig. 8(a) Our experimental observations in Section 3 shows that a double periodicity in the shape of the total amplitude modulation of light emitted by the laser diode appears for determined amounts of optical feedback, without paying attention to the length of the external cavity L ext . A detailed experimental study of the behavior of the internal cavity modes [Figs. 9 and 10] shows that the multiple laser modes do not appear at the same time , but a mode hop occurs depending on the length of the external cavity. This effect can be explained by applying Eq. (1) to all the laser cavity modes whose threshold gain is close to the threshold gain of the solitary laser oscillating mode. As can be seen in Fig. 5(c) there are a few solitary laser modes whose threshold gains are close to each other.
The distance of the frequency of two laser oscillating modes [i.e., Mode A, with frequency ν A , and Mode B, with frequency ν B , in Fig. 8(b) ] can be expressed as an integral number N of the inverse of the round-trip delay through the laser cavity length ðτ L ¼ 2nL=cÞ as represented by Eq. (8) . So two adjacent modes have a distance of N ¼ 1.
We have performed simulations of the behavior of the laser diode under moderate optical feedback assuming the following: First the laser diode is biased so, as in experimental results, the standalone laser stable mode is Mode A (i.e., I b ¼ 50 mA), meaning that the threshold gain of Mode A is the lowest. Second there are a few laser modes, with a frequency close to the frequency of Mode B, whose threshold gain is close to the threshold gain of Mode A. Taking measured spectra as a reference, we are considering the modes spaced N from 9 to 14 as possible excited modes. Third, the effect of optical feedback to each laser mode [Eq. (1) ] is high enough to change the mode with the lowest threshold gain, that is, the oscillating mode.
First we study the dependence of the initial phase difference (integral part) between each potential Mode B and Mode A with the length of the external cavity [Eq. (6) ]. The phase difference is periodic, and the period depends on mode spacing N [Eq. (8)]. Then we applied Eqs. (1) and (2) to all potential oscillating modes and the standalone mode, finding the one with the lower threshold gain as a function of the external cavity length. The resulting total amplitude modulation of the output power is derived from Eq. (5). Figure 11 shows the results of the simulations performed for two different values of the external cavity length. Simulation parameters are n ¼ 3:5, L ¼ 300 μm, λ ≈ 680 nm, and α ¼ 6 for the laser diode, and the coupling coeffient of the external cavity is k ext ¼ 0:001. As in the experiments, the length of the external cavity is modulated with an amplitude of a few wavelengths. The length of the external cavity L ext was chosen randomly, but it is not an integral number of times the product nL [see Eq. (7)]. This situation is not considered because in practice it is very difficult to achieve due to the dependence of diffraction index with temperature, injection current, and optical feedback level [11] . Also a small deviation from this position, of the order of 50 μm (obtained from external phase calculations), causes all considered potential modes to be out of phase.
It can be seen in Fig. 11 that the effect on the total power modulation is like a nonlinear superposition of always out-of-phase longitudinal laser modes, independently of the length of the external cavity. This is because Mode B is selected to be the one with the lowest threshold gain, which is always out of phase with respect to Mode A. In the numerical simulations, the resulting distance between Mode A and Mode B is N ¼ 12 with L ext ¼ 12 cm [ Fig. 11(a) ] and N ¼ 10 with L ext ¼ 15 cm [ Fig. 11(b) ].
Conclusions
This paper presents experimental and theoretical results obtained from the study of optical feedback effects in low-cost Fabry-Perot laser diodes due to the presence of an external cavity. Experimental results show that a change in the length of the external cavity produces the well-known amplitude modulation of the optical output power, and depending on the amount of optical feedback, a subperiodicity appears in the amplitude modulation of the output power. These results have been obtained for different low-cost Fabry-Perot red and infrared laser diodes. For each of them different external cavity lengths (L ext ) between 8 cm and 30 cm have been used. We observe that if the laser diode is biased a few milliamps above threshold, for a determined amount of optical feedback an internal subperiodicity appears, without paying attention to perfectly set L ext and laser modes in order to select out-of-phase round-trip phase delay. This effect can be used to increase the resolution of vibration measurements as the double periodicity is obtained by adjusting only the amount of optical feedback.
Experimental and theoretical study of the effect show that the subperiodicity appears independently of the length of the external cavity, and it is due to mode hopping between the longitudinal laser modes induced by the external cavity. Numerical analysis shows that the mode hop occurs from and back to the standalone longitudinal mode of the laser diode and the one whose round-trip phase delay along the external cavity is out of phase, thus producing a subperiodicity of the total amplitude modulation. This multilongitudinal mode self-mixing technique described above retains the advantages of the standard self-mixing configurations for vibration measurements, as the good response for low-frequency signals (compared to accelerometers) but doubles the measurement resolution due to the mode hoping between laser modes. Furthermore, using an optical setup with longitudinal mode selection (i.e., a compact version of the one presented in this paper) we can drastically increase the precision in the measurement as the modulation index associated with the presence or absence of a specific longitudinal mode is 100%. 
